Abstract. Low-temperature series have been derived for the q-state Potts model on the Kagomé lattice (q = 3 and 4) and for the 3-state honeycomb lattice. The series are derived by the finitelattice method, with many additional terms obtained by noting the structure of the correction terms. Accurate estimates of the critical points are found, which confirm exact, but not rigorous results in the case of the honeycomb lattice, and refute previous conjectures in the case of the Kagomé lattice.
Introduction
The q-state Potts models [1] is one of the most important models in lattice statistical mechanics and contains the Ising model (q = 2) and bond percolation (q = 1 limit) as special cases. An excellent introduction to the Potts model, its properties, known results, and connections to many other problems can be found in Wu's classic review article [2] . Among the open problems, one of the most important remains the determination of the exact critical point on various two-dimensional lattices. The critical point for the Ising model can be found exactly for any two-dimensional lattice, but the generalization to the q-state Potts model is only known for the square, honeycomb, and triangular lattices [2, 3] . Even in these cases a rigorous derivation is often only possible for q 4 and q = 2. The determination of the critical point for the Kagomé lattice has proved to be a particularly elusive problem [3] [4] [5] [6] .
In this paper we report on the derivation and analysis of low-temperature series for the 3-state honeycomb and 3-and 4-state Kagomé lattice Potts model. From the series we obtain estimates for the critical points, which for the honeycomb model confirms the validity of the exact but not rigorous result [7] , and for the Kagomé lattice provides accurate results against which conjectures can be tested, and found not to hold. We comment on properties that the solution must have in an unsuccessful attempt to find an alternative conjecture. In addition we obtain estimates for the location of various non-physical singularities.
The remainder of the paper is organized as follows. In section 2 we briefly describe the finite-lattice method of series expansions, give details regarding the specific implementations for the Kagomé and honeycomb lattices, and show how the finite-lattice method can be supplemented by an extension procedure allowing us to derive more series terms. Details regarding the analysis of the series are given in section 3 and the implications for possible conjectures for the critical point on the Kagomé lattice are discussed in section 4. A brief summary and discussion is given in section 5. 
Series expansions
The q-states Potts model is defined on a lattice in terms of a 'spin' variable, σ j on each site j , with integer values from 0 to q − 1. With the use of the δ-function, δ(x, y) = 1 if x = y and 0 otherwise, the Hamiltonian describing the Potts model in a homogeneous magnetic field h can be written
where the first sum is over interacting pairs and the second over sites. The constants are chosen so that the ground state (σ i = 0∀i) has zero energy. In this work we shall only consider the case in which the spin-spin interactions are restricted to nearest-neighbour sites.
The low-temperature expansion is based on perturbations from the fully aligned ground state and is expressed in terms of the low-temperature variable u = exp(−J /k B T ) and the field variable µ = exp(−h/k B T ). The expansion of the partition function in powers of u may be expressed as
where n (µ) are polynomials in µ. It is more convenient to express the field dependence in terms of the variable x = 1 − µ and truncate the expansion at x
where Z n (u) is a series in u formed by collecting all terms in the expansion of Z containing factors of x n . Standard definitions yield the magnetization
the zero-field susceptibility
and the specific heat
So in order to obtain the series expansions of the specific heat, spontaneous magnetization and the susceptibility it suffices to calculate the three quantities Z 0 , Z 1 and Z 2 .
The finite-lattice method
We refer to the recent review [8] by Enting for background material and references regarding the existence of series expansions as well as the foundations and many applications of the finite-lattice method. On the square lattice the infinite-lattice partition function Z can be approximated by a product of partition functions Z m,n on finite (m × n) lattices,
with m + n r (6) where r is a cut-off which limits the size of the rectangles considered. For the lowtemperature expansion of the Potts model Z m,n is calculated by summing the Boltzmann weights over all spin configurations on the finite lattice. All spins outside the m×n rectangle are fixed at 0. The weights a m,n are known explicitly [9] ,
Rectangles are obviously the natural finite-lattice building blocks on the square lattice. However, since the weights a m,n depend only on the topology of the finite lattices, one can actually use rectangles as the finite-lattice blocks on any two-dimensional lattice. One merely has to use a more complicated unit cell in building the rectangles. Due to the symmetry of the lattices one generally has Z m,n = Z n,m so one need only consider the case m n and change the weights a m,n correspondingly, i.e. multiply by two if m < n. The number of terms derived correctly with the finite lattice method is given by the power of the lowest-order connected graph not contained in any of the rectangles considered, which in this case are chains of sites all in the same state ( = 0). From the Potts Hamiltonian we see that on a lattice where each site has m neighbours, chains of length s give rise to terms of order N r = (m − 2)r + 2 in u. For a given value r (the semi-perimeter of the largest rectangle) the series expansion is thus correct to an order N r determined by the length of the smallest chain that does not fit into any of the rectangles. So in a calculation of Z m,n (u) one can safely truncate the polynomials just above N r .
The transfer-matrix technique
The efficient way of calculating Z m,n is by transfer-matrix techniques. From the Potts Hamiltonian (1) we see that the evaluation of Z m,n only involves contributions from interactions between nearest-neighbour spins and interactions between the spins and the magnetic field. The sum over all configurations can therefore be performed by moving a boundary line through the lattice. At any given stage the boundary cuts through a number of, say k, sites. In the q-state Potts model there are a total of q k different configurations along the boundary. We shall refer to each such specific configuration as a 'signature'. For each signature we construct a partial sum which is the Boltzmann weight associated with all possible states on the part of the lattice already traversed by the boundary. Each partial sum is a (truncated) polynomial in u. The most efficient way to move the boundary is by adding one 'cell' at a time. Shifting the boundary corresponds to generating a new vector of q k partial sums from a previous vector. Formally this is a matrix operation. In practice, it is possible to avoid explicit use of the transfer matrix due to the move being local. Nevertheless, we will continue to use the term 'transfer-matrix technique' for this type of transformation of vectors of partial sums. Evaluating Z m,n involves m × n iterations of q m series operations. In terms of the cut-off r used in equation (6) , the main growth in both memory and time requirements comes from a factor q r/2 . Since the Potts Hamiltonian only singles out the '0' state, the remaining q − 1 states are equivalent, i.e. any permutation among the non-zero states in a signature will leave the associated polynomial unchanged. For example, one may interchange the states '1' and '2' without changing the Boltzmann weight of the configurations. This effectively means that the number of different signatures one needs to store can be reduced by a factor of (q − 1)!, since one need only keep one specific representative signature for each equivalence class. However, due to the implementation of the algorithms utilizing this reduction is only useful for q 4, since the use of equivalence classes of signatures doubles the memory requirements. In short the total memory requirement for the q-state Potts model grows like 2q r/2 /(q − 1)!. The calculation of the series expansion involve only additions and multiplications, so in order to deal with the large integer coefficients occurring in the series expansions the calculations should be performed using modular arithmetic [10] . This involves performing the calculation modulo of various prime numbers p i and then reconstructing the full integer coefficients at the end. The Chinese remainder theorem ensures that any integer has a unique representation in terms of residues. If the largest absolute values occurring in the final expansion is M then we have to use a number of primes n so that p 1 p 2 . . . p n /2 > M. Note that it is not necessary to be able to uniquely reproduce the intermediate values, which can be much larger than the final ones. Figure 1 shows a snapshot of the boundary (the heavy full line) during the traversing of the lattice. The Boltzmann weights of spin-spin and field-spin interactions on sites to the left of the boundary line have already been included in the partial sums. The part of the lattice to the right of the boundary is to be included subsequently. In order to add a new 'cell' to the completed part of the lattice, the boundary is moved to a new position as indicated by the heavy dotted line. The partial sums have to be updated in order to pick up the Boltzmann weights from the six spin-spin interactions between the five sites lying between the old and new positions of the boundary line. In addition the Boltzmann weights from the field interacting with the 'shadow' spin at the centre (shaded) site and the two sites cutting the dotted line has to be included. We use the term 'shadow' spin to denote spins placed on sites of the underlying lattice which are never cut by the boundary line (or belong to the border) and therefore do not have to be stored in a signature. Note that in this updating the weights do not depend on the states of any sites on the boundary line other than the two sites involved in the move. Let S σ b ,σ t denote a boundary which has the spins on the bottom and top sites of the moving section of the boundary in state σ b and σ t , respectively. The partial sum after the move to the new position W (S σ b ,σ t , u, x), is obtained by summing over the q 2 partial sums W (S σ b ,σ t , u, x), multiplied by the appropriate Boltzmann weights
Kagomé lattice specifics.
where the weight B W is obtained by summing over the q-states σ c of the centre spin at the site indicated by a shaded circle between the two positions of the boundary line
and the 'elementary' Boltzmann weights are
The updating at the bottom and top boundaries is of course slightly different since only a single site has to be moved. The weights involved are easily deduced from the general case above. The initial weight assigned to a given signature S, when the boundary line is all the way to the left in figure 1 , is simply
where k S is the number of non-zero states in S. The value Z m,n is calculated after the boundary has been moved n columns to the right and is positioned at the right border in figure 1. At this point only the interactions (indicated by the dotted lines) between the 'internal' spins along the boundary and the spins just outside the rectangle (which are all in the ground state) have to be added,
Since we need not change the weight W (S, u, x) of the signature S we can proceed and add the next column of sites in order to calculate Z m,n+1 . In this way one builds up the finite lattices of width m one column at a time with each column built up one cell at a time. The cut-off r max in the length of the perimeter of the finite lattices is obviously determined by the largest width, w max that the available memory allows us to represent, r max = 2w max + 1. Figure 2 shows a snapshot of the boundary (the heavy full line) during the calculation. In this case only a single site at a position k on the boundary line is moved (as indicated by the heavy dotted line) in order to add a new 'cell' to the completed part of the lattice. Note that in this updating the weights also depend on the state of the site immediately below the site involved in the actual move. The partial sum after the move to the new position, W (S σ k , u, x), is obtained much as before by summing over the partial sums where B W is
Honeycomb lattice specifics.
Again the updating on the top and bottom borders are a little different. This time the initial weight of a signature is 0 apart from the all-zero signature which has weight 1. This corresponds to the boundary line initially being positioned to the left on the spins fixed in the ground state. The finite-lattice partition function Z m,n is simply the weight of the all-zero signature after n + 1 moves to the right.
Extension procedure
In a recent paper [11] it was shown how the finite-lattice method, applied to low-temperature series for the spin-1 Ising model on the square lattice, can be supplemented by an extension procedure allowing one to derive more series terms correctly. As already noted the finitelattice calculations result in a series correct to an order N r growing linearly with r. The first incorrect term is due to the smallest connected graphs, e.g. a linear chain of sites, not contained in any of the rectangles with a perimeter smaller than r. However, there are typically only a few such graphs and the vast majority of graphs contributing to orders just above N r have been counted. The series for Z n (u) can be extended by looking at 'correction terms' to the finite lattice contributions. For each r r max and n 2 we calculate the truncated polynomials Z n,r = j z n,r,j u j correct to order N r + 15. Then we look at the integer sequences d n,s (r) obtained by taking the difference between successive polynomials
The first of these correction terms d n,0 (r) is often a simple sequence which one can readily identify. Once this correction term is identified as a function of r one can use it to obtain an extra term in the series expansion of Z n (u) from the term of order N r max + 1 in Z n,r max .
Similarly one can obtain further series terms if one can find formulae for the higher-order correction terms d n,s (r). 
These general expressions for the correction terms are also valid for the q = 4 case. For q = 3 we used the integer sequences for d n,s (r), known from the finite-lattice calculation up to r max − 1 = 26 to find formulae for all correction terms up to s = 9 for Z 0 and Z 1 , and up to s = 8 for Z 2 . For q = 4, where the sequences are known up to r max − 1 = 22, we found the formulae for the correction terms up to s = 8, 7, and 6 for Z 0 , Z 1 , and Z 2 ,
respectively. This in turn allowed us to calculate the series for the specific heat, spontaneous magnetization, and zero-field susceptibility, correct to order 67, 67, and 66 for q = 3, and 58, 57, and 56 for q = 4. The resulting series are listed in tables 1 and 2.
Honeycomb lattice.
The extension procedure for the 3-state Potts model on the honeycomb lattice is essentially the same as for the Kagomé lattice. The major difference is that rather than looking at the difference between successive expansions of Z n for each perimeter length r, we look at each width w and thus perimeter lengths r = 2w + 1. For a given width the expansion is correct to order 2w + 2. In this case the correction terms are simply given by polynomials of order 2s + n. We managed to find the formulae for the first five correction terms for Z 0 , and Z 1 and the first four for Z 2 . This enabled us to calculate the series for the specific heat and magnetization to order 35 while the susceptibility was calculated to order 34. The resulting series are listed in table 3.
Analysis of the series
The series were analysed using differential approximants (see [12] for a comprehensive review), which allows us to locate the singularities and estimate the associated critical exponents fairly accurately, even in cases where there are many singularities. Here it suffices to say that a Kth-order differential approximant to a function f , for which one has derived a series expansion, is formed by matching the coefficients in the polynomials Q i and P of order N i and L, respective, so that the solution to the inhomogeneous differential equation
agrees with the first series coefficients of f . The equations are readily solved as long as the total number of unknown coefficients in the polynomials is smaller than the order of the series N . The possible singularities of the series appear as the zeros x i of the polynomial Q K and the associated critical exponent λ i is estimated from the indicial equation
Since the critical exponents of the Potts model are known exactly, one may use these to obtain improved estimates for the critical point u c . A simple method consists of generating a large number of estimates for u c and the associated critical exponent from a variety of highorder differential approximants and then performing a (linear) fit on the data set (u c , λ−λ c ), where λ is the known exponent and λ c the estimate from a given approximant. In this way the 'true' critical point is given by the intersection with the ordinate axis.
In order to locate the non-physical singularities of the series in a systematic fashion we used the following procedure: we calculated all first-and second-order inhomogeneous differential approximants with |N i − N j | 1 and L 10, which use more than N − 10 terms for the Kagomé series and N − 6 terms for the honeycomb series, respectively. Each approximant yields N K possible singularities and associated exponents from the N K zeros of Q 1 or Q 2 , respectively (many of these are of course not actual singularities of the series but merely spurious zeros.) Next these zeros are sorted into equivalence classes by the criterion that they lie at most a distance 2 −k apart. An equivalence class is accepted as a singularity if it contains more than 75% of all approximants, and an estimate for the singularity and exponent is obtained by averaging over the approximants (the spread among Table 1 . Low-temperature series for the 3-state Kagomé lattice Potts model magnetization (M(u) = n m n u n ), susceptibility (χ(u) = n x n u n ), and specific heat (C v (u) = n c n u n ). Table 2 . Low-temperature series for the 4-state Kagomé lattice Potts model magnetization (M(u) = n m n u n ), susceptibility (χ(u) = n x n u n ), and specific heat (C v (u) = n c n u n ). Table 3 . Low-temperature series for the 3-state honeycomb lattice Potts model magnetization (M(u) = n m n u n ), susceptibility (χ(u) = n x n u n ), and specific heat (C v (u) = n c n u n ). the approximants is also calculated.) The calculation was then repeated for k − 1, k −2, . . . , until a minimal value of 5. To avoid outputting well converged singularities at every level, once an equivalence class has been accepted, the approximants which are members of it are removed, and the subsequent analysis is carried out on the remaining data only. One advantage of this method is that spurious outliers, a few of which will almost always be present when so many approximants are generated, are discarded systematically and automatically.
Kagomé lattice results
In figure 3 we have plotted the estimates of the critical exponents versus the estimates for the critical point for the 3-states Potts model on the Kagomé lattice. The data was obtained from first-and second-order inhomogeneous differential approximants to the series for the spontaneous magnetization, susceptibility, zero-field partition function Z 0 , and specific heat. In the case of the susceptibility and specific heat we analysed the series χ (u)/u 4 and C v (u)/u 4 . The data includes the results from approximants with L 10, |N i − N j | 1 and where at least 55 series terms were used in the case of M(u) and Z 0 (u), while at least 50 terms were used in the case of χ (u)/u 4 and C v (u)/u 4 . From the intersect between the data points and the lines indicating the exact critical exponents we estimate that u c = 0.347 648 (10) , where the number(s) in parentheses indicate our estimate for the error in the last digit(s). Figure 4 shows the estimates of the critical exponents versus the estimates for the critical point for the 4-states model. In this case the data includes the results from approximants using at least 45 of the series terms for M(u) and Z 0 (u) and 40 terms for χ (u)/u 4 and C v (u)/u 4 . In this case there is a quite large discrepancy between the u c estimates obtained from the four series. The partition function and specific heat yields estimates around u c = 0.317 25(15), while no reasonable extrapolation is possible from the susceptibility series. However, for all these series the exponent estimates are generally quite far from the exact results. Only the magnetization series yields exponent estimates close to the known value, and based on this series we estimate u c = 0.316 85(5). 
Honeycomb lattice results
For the honeycomb lattice the critical point is determined by the positive real root (closest to the origin) of the equation [7] 
where
The fully anisotropic version of this result is given in [13] . This result is known to be correct for q 4 and q = 2, but for q = 3 it relies on the existence of a single phase transition. Given this entirely likely situation, duality arguments give the critical point. Setting q = 3 in this equation leads to the critical point, u c = 0.226 6815 . . ., the validity of which is confirmed by our series analysis presented below. As before we have chosen to plot, in figure 5 , exponent estimates versus the estimates for the critical point. In this case the data includes approximants using at least 25 of the series terms for M(u) and Z 0 (u) and 20 terms for χ (u)/u 3 and C v (u)/u 3 . The series for the magnetization and partition function yield estimates very close to the intersection between the exact critical exponent and the exact u c . Though the remaining series, in particular the susceptibility, deviate further from the expected intersection the resulting estimates for the critical point lie on either side of the exact value. It is thus clear from this series analysis that the results are fully consistent with the exact value for the critical point. 
Analysis of non-physical singularities
As well as the physical singularities, the other singularities in the complex plane are also of interest, as discussed in the case of the square-lattice Potts model by Matveev and Shrock [14] . However, while the location of such singularities can be reasonably accurately estimated from the differential approximants to the series, we have found the exponent estimates to be much more problematic. To illustrate this, we note that in 1994 we [15] extended the spin-1 square lattice low-temperature series to 79 terms, and found nonphysical singularities in the magnetization series at u − = −0.598 53(4) with exponent β − = 0.1247(6) and a pair of complex singularities at u ± = −0.301 83(5) ± 0.378 70i with exponent β ± = −0.127 (3) . In 1996 we [11] were able to further extend the series to 113 terms, and a reanalysis led to the exponent estimates β ± = −0.1690 (2) . In particular, we note that even for the physical singularity, the dlog Padé approximants are seemingly well converged, and an exponent estimate based only on the central value and two standard deviations would give a confidence limit that excluded the correct result. In the light of the above comments, we give estimates of the critical exponents for the non-physical singularities, but without quoting confidence limits, as we do not believe we can do so in any meaningful way. Consequently, the exponent estimates should be viewed as 'indicative' or a 'best guess'.
For the 3-state honeycomb lattice Potts model, we find a non-physical singularity on the negative real axis at u − = −0.363(3) with apparent exponents α − = 0.5, β − = 0.11, and γ − = 1.15, but as we argue below, we don't believe these estimates. We find a further complex-conjugate pair of singularities at u ± = −0.06(2)±0.47(3)i with a weakly divergent magnetization, and specific heat and susceptibility exponents around one. The singularity on the negative real axis is the duality mapping (see e.g. [2] ) of the triangular-lattice antiferromagnetic critical point, via the relation e K H = 1 − q/(1 − e −K c ). The singularity e −K H = −0.363 then maps to e K T = 0.201 (2) , which agrees with the earlier study of the Potts triangular-lattice anti-ferromagnet [16] in which the estimate e K T = 0.204(3) was obtained. However, it is known that the Potts anti-ferromagnetic on the triangular lattice has a weak first-order transition [17] [18] [19] and an ordered ground state. Thus the exponents we observed are spurious, and follow from an implicit assumption of a second-order transition. A very interesting approach to the honeycomb q-state Potts model has recently been made by Maillard [20] , in an attempt to utilize the symmetries of models for which there is no YangBaxter structure. For values of q equal to the Tutte-Beraha numbers, infinite-order groups become of finite order. For such values of q one still gets groups which grow exponentially, except for the cases q = 1, 3. Utilizing this observation, Maillard systematically constructs invariants which are expected to be appropriate for the 3-state model on the honeycomb lattice. From these invariants, one expects singularities to occur at some or all of the zeros of u 3 − 3u − 1 = 0, which gives as one zero u = −0.347 29 . . . , which is some 4% away from the observed position of the singularity on the negative real axis. As our confidence limit on the position of the singularity in question is better than 1%, it is unlikely-but not impossible-that the Maillard prediction is correct for this singularity.
For the 3-state Kagomé-lattice Potts model, we find a non-physical singularity on the negative real axis at u − = −0.4023(5) with exponents indistinguishable from the exponents at the physical singularity. We also find four conjugate pairs of singularities at u ±1 = 0.38(2) ± 0.24(2)i, u ±2 = 0.278(10) ± 0.38(1)i, u ±3 = −0.113(6) ± 0.515(10)i, and u ±4 = −0.37(2) ± 0.30(5)i. At u ±1 there appears to be a divergent magnetization and susceptibility, but a non-divergent specific heat. At u ±2 and u ±4 all three thermodynamic quantities appear to be divergent, while at u ±3 there appears to be a divergent specific heat and susceptibility, but a non-divergent magnetization.
For the 4-state Kagomé-lattice Potts model, we find a non-physical singularity on the negative real axis at u − = −0.42(1) with exponents we cannot estimate. We also find two conjugate pairs of singularities at u ±1 = 0.275(10) ± 0.305(10)i, and u ±2 = −0.345(10) ± 0.235(1)i. At both u ±1 and u ±2 all three thermodynamic quantities appear to be divergent. While we are confident that these non-physical singularities are accurately estimated from our analysis, we note that there are probably some additional singularities which we have not been able to find. In particular we expect that the number of non-physical singularities grows with q, as is the case for the spin-S Ising model [21] .
Critical point of the q-state Potts model on the Kagomé lattice
Unlike the square, triangular and honeycomb lattice, the critical point of the q-state Potts model on the Kagomé lattice is not known. For some values of q, notably q = 0 and q = 2 it is known, and some years ago Wu [3] conjectured the result for general q, while Tsallis [22] made a different conjecture. The Wu conjecture is known not to hold for q = 3 [16] , as it leads to an incorrect phase boundary. Both conjectures agree for the (known) case q = 2, corresponding to the Ising model, as well as for the q = 0 case. The recent very precise calculation of the critical percolation probability p c by Ziff and Suding [23] implies that neither conjecture is correct at q = 1, which is consistent with our observation at q = 3. The various estimates of w c from numerical work and the conjectures by Wu and Table 4 . Numerical estimates for the critical point w c of the Kagomé lattice Potts model, from this (q = 3 and 4) and other work (q = 1) [23] and exact results (q = 2) [24] . The lower bound w 2b is from King and Wu [6] , while the conjectures are from Wu [3] and Tsallis [22] . [6] . We have attempted to find an alternative conjecture within the framework of known results for other lattices, but without success. However, as our work excludes a large class of natural conjectures, it is worth reporting. It is also worth mentioning that the critical percolation probability p c is known for site percolation on the Kagomé lattice, being equal to the corresponding result for bond percolation on the honeycomb lattice, 1 − 2 sin(π/18), which is in turn related to the critical percolation probability 2 sin(π/18) of bond percolation on the triangular lattice p c . Indeed Tsallis uses this connection, and conjectures that p c is given by
which gives p c = 0.522 37 . . .. This disagrees with the recent numerical estimate of Ziff and Suding [23] by about 0.4%. For the square, triangular and honeycomb lattices, the q-state Potts model critical point is given by the roots of a low-degree polynomial with (small) integer coefficients. These polynomials are:
In this form, y = 1 + w, and the root corresponding to q = 0 is y = 1 for all three lattices. For q = 1 (bond percolation) the root is 1/(1 − p c ), for q = 2 it is exp(2J /kT c ), and for q > 2 it is exp(J /kT c ). If the co-ordination number of the lattice is z, then as q gets large, y behaves as q 2/z for the three lattices. In this form, the Wu conjecture can be written as
For q = 0, this gives (correctly) y = 1. For q = 2 it simplifies to y 6 − 6y 4 − 3y 2 = 0, which gives the correct critical point for the Ising model, and as q gets large, y behaves, as expected, as q 1/2 . However, the zero corresponding to q = 1 gives p c = 0.524 4297 . . ., which may be compared with the best numerical estimate p c = 0.524 4053, with uncertainty in the last quoted digit-that is to say, it is wrong, but by less than 0.005%. For q = 3 the relevant zero is y = 2.876 2692 . . ., which may be compared with our best estimate of 2.876 46, with an error of no more than four in the last quoted digit. Again the conjecture is found to be wrong, but by a tiny amount, notably 0.007%. For q = 4 the appropriate zero is 3.155 842 . . ., while our estimate is 3.1561 ± 0.0005, which is indistinguishable from the conjectured zero. Thus the Wu conjecture is wrong, but is extraordinarily close to the correct answers for all known values of q. The Tsallis conjecture for q = 3 is y = 2.8895 . . . , which is wrong by about 0.4%, as for q = 1.
We have attempted to find either a fourth-degree or a sixth-degree polynomial with q-dependent coefficients that reproduce all known results. In analogy with the results on other lattices, we required that the coefficient of the highest power of y be one, and that the coefficients be small integers (no more than ± 20). The coefficients are to be low-order polynomials in q. The large q behaviour noted above essentially restricts the degrees of these polynomials to quite low values. For any given value of q a large number of polynomials can be found, but the requirement that the coefficients be low-order polynomials in q has the consequence that we were unable to find any polynomial that met our requirements.
From this we conclude that no such polynomial exists (or that our search was not clever enough). This may even mean that the general result is not algebraic-though it clearly is for q = 0 and 2. This result is reminiscent of the absence of a believable conjecture for the site percolation threshold for the square and honeycomb lattices.
Summary and discussion
We have provided a radical extension of the low-temperature series for the q-state Potts model on the honeycomb (q = 3) and Kagomé (q = 3 and 4) lattices. An efficient implementation of the finite-lattice method, coupled with the prediction of additional terms has given rise to very long series. Our calculations were carried out on a single processor of a DEC ALPHA-SERVER 8400 with 1 Gb of memory per processor. Typical runs for the maximal width took 30 h per prime for q = 3 and 16 h for q = 4.
Analysis of these new series allowed us to give an estimate of the honeycomb lattice critical point which is entirely consistent with the presumed exact value. For the Kagomé lattice our results are inconsistent with any published conjectures, and our attempts to provide a more believable conjecture have been unsuccessful. We find no evidence for an algebraic critical point.
The pattern of dependence of estimates of u c versus the known exponent for the honeycomb lattice, as shown in figure 5 , is qualitatively similar to that found for the 3-state Kagomé lattice, and shown in figure 3 . That is to say, the correct exponent underestimates u c for the magnetization and susceptibility and overestimates u c for the partition function and specific heat. Assuming this holds for the Kagomé lattice, it is gratifying to find that a consistent estimate of u c emerges, notably u c = 0.347 650(5), which we take as our final estimate.
Our extended series are likely to be of value in any further work on these problems. In particular, Maillard [20] has carried out an extensive investigation of the properties of the magnetization of the honeycomb lattice 3-state Potts model, and the results presented here should allow that work to be extended. We have also estimated the non-physical singularities, the properties of which are so informative, as shown recently by Matveev and Shrock [14] .
